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A Highly Accurate Feedback Approximation
for Horizontal Variable-Speed Interceptions

Hendrikus G. Visser*
Fokker B.V., Amsterdam, the Netherlands
and
Josef Shinart
Technion—Israel Institute of Technology, Haifa, Israel

An improved feedback approximation of the time-optimal control strategy in a horizontal, variable-speed,
air-to-air interception is presented. The improvements are achieved by reformulating the previously used
multiple-time scale, forced singular perturbation model and by incorporating first-order correction terms in the
control law. Comparison of the uniformly valid feedback approximation with the exact open-loop control solu-

- tion shows a remarkable payoff accuracy, even for very short initial ranges. Consequently, the domain of

validity of the feedback approximation is greatly extended, enhancing its attractiveness as an improved building

691

block in future airborne implementations.

Nomenclature

=zero-lift drag coefficient

=maximum lift coefficient

=drag force

=induced drag in straight flight

=zero-lift drag force

=capture radius

=dynamic function (with subscript)

=acceleration of gravity

=Hamiltonian

=integral (with subscript)

= payoff function

=induced-drag parameter

=1ift force

=aerodynamic load factor

=lift-limited load factor

=structural load factor limit

=dynamic pressure

= separation distance

=interceptor’s turning radius

=wing area

= distance in straight flight

=thrust

=time

=interceptor’s velocity

=corner velocity

=target velocity

=interceptor weight

=difference between line-of-sight angle and
interceptor’s heading

=artificial perturbation parameter

= geometric perturbation parameter

=throttle parameter

=feedback adjoint approximation

=adjoint variable (with subscript)

=interceptor’s bank angle
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o =air density

T =stretched time

X =interceptor’s heading
¥ =line-of-sight angle

1) =normalized bank angle
Superscripts

b =boundary layer

i =inner expansion

o =outer expansion

r =reduced-order

s = singular

() =previous FSP model (see Refs. 1-3)
() = optimal value
Subscripts
f =final value

o =initial value

ss =steady-state value

u =unconstrained value

0 = zeroth-order term

1 = first-order term

0-1 =term corrected to first order

Introduction

A ZEROTH-ORDER explicit feedback approximation of
the optimal turning strategy for minimum-time, variable-
speed, horizontal interception with air-to-air missiles was first
presented in Ref. 1. The analysis was carried out by using a
multiple-time scale, forced singular perturbation (FSP) model
based on the assumption that the line-of-sight rate is very slow
compared to aircraft turning dynamics. This model also
assumed that the speed variations are slower than the turning
dynamics and exhibit a definite time scale separation com-
pared to the changes in relative geometry. The horizontal FSP
model became one of the building blocks in subsequent efforts
to extend this computational concept to analyze the more
realistic three-dimensional interception scenario.?® The main
advantage of such a feedback approximation has been its at-
tractiveness for real-time onboard implementation. This
potential was validated recently by ‘‘pilot-in-the-loop”’ simu-
lations as well as in actual flight tests.

The accuracy assessment of the FSP approximations started
several years ago? and is still an ongoing investigation. For the
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horizontal case, the comparison to the exact solution indicated
that the zeroth-order FSP approximation can provide a
reasonable payoff accuracy (less than 1% error in the time of
interception) for medium- and long-range engagements in
which the maximum speed of the interceptor is nearly reached.
Based on these results, the domain of a validity of the zeroth-
order FSP approximation is limited to engagements where
final speed is not very different from the maximum speed and
to initial ranges larger than 8-10 turning radii (minimum
radius at the initial speed) of the interceptor.

The origin of these limitations is the imperfect time scale
separation between the variables of the FSP model, namely, 1)
the speed dynamics is not fast enough compared to variations
of relative geometry and 2) the line-of-sight rate is not neghgl-
ble compared to the aircraft turning rate.

For these reasons, the previously used multiple-time-scale
FSP model has to be re-examined. Moreover, further accuracy
improvement can be expected if the FSP approximation is cor-
rected to first (or higher) order. The first attempt in this direc-
tion was made in a missile optimization problem.* The
algorithm that computed the first-order correction terms was
based on a predictive integration of the slow variables along
the zeroth-order boundary-layer transition trajectory. This
step had to be iterated until the matching conditions were
satisfied. Such a process, having clearly an off-line character,
could not be considered as a part of a true feedback solution.
At that time, such a property seemed to be an inherent limita-
tion of the FSP approach,® but, fortunately, this pessimistic
assertion turned out to be incorrect. Recently, it has been
demonstrated® that, for a class of singular perturbation prob-
lems (which includes the horizontal interception), the optimal
feedback control can be constructed in a form of a single
uniformly valid power series expansion of the perturbation
parameter. The terms of this expansion are computed by
recursive solution of the Hamilton-Jacobi-Bellman equation.
In another recent paper,’ the first-order correction terms for
constant-speed interception were computed analytically and
were expressed in an explicit feedback form based on the ap-
proach of matched asymptotic expansions.

In the present paper, the new feedback correction method
of Ref. 7 is applied to variable-speed interceptions in the
horizontal plane using realistic aerodynamic and propulsion
models. The solution is based on reformulation of the FSP
model of Ref. 1 by including interception velocity dynamics in
the “‘reduced-order”’ problem. It is followed by incorporating
the analytically computed first-order correction terms in the
turning boundary-layer control. Based on this boundary-layer
control, a uniformly valid feedback control law is synthesized.
The accuracy of the first-order FSP approximation is tested by
comparison to the exact open-loop solution of the same op-
timal control problem, obtained by retrograde integration.

Formulation of the Horizontal Interception
Dynamic Equations
The kinematic equations describing the relative horizontal
motion of the two aircraft are expressed in a polar coordinate
frame (see Fig. 1) as

R=V cosy—Vcos(¥y—x), R(T,)=R, (1)

lp(ta):\ba (2)

The target flies a straight-line course with constant speed. A
point/mass model is used to represent the dynamics of the in-
terceptor. By assuming that 1) thrust T is directed along the
flight path, 2) vehicle weight W is constant, and 3) drag D is
expressed by a parabolic form, the dynamic equations of mo-
tion can be written as

Y=[—Vrsiny+ Vsin(y—x)1/R,

V=g[T—-D]/W, Vit,)=V, 3)

x=glnsinu]/V, x(t,) =X, @
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where for a given altitude
T=nTpux (V) &)
D=D;+n’D, 6)
Dy=Cp, (V)gS ™
D;=K(V)W*/(gS) ®
a2 vipV? ©
n& (L/w) (10)

The condition of vertical force equilibrium relates the bank
angle u to the load factor n by

n=1/cosu (11)

allowing the elimination of either u or n from the problem
formulation.

The interceptor’s motion is governed by two independent
control variables: the throttle parameter » and the bank angle
u (or alternatively the load factor n), which are subject to the
following constraints:

0=p=l (12)

AgS .
nsnL(V)=—u—/CLmax(V) if V<V, (13)
A=k if V=V, 14

where the “‘corner velocity’’ is defined by

2 W Ve
Vc é ( Mmax ) (15)
pSCLmax

For convenience, let us define the following:

Sr (6 V.x) & Vycosy— V cos (¥ —x) (16)

[y RV, )R [ —Vrsing+ Vsin(y—x)1/R  (17)
fv(V,w) 2g[T—Dy—(1+ tanu)D;1/W (18)
f (Vo) 2 gtanp/V (19)

Note that Eqs. (16-19) represent the right-hand sides of the
dynamic equations (1-4) from which the load factor » is
eliminated using Eq. (11).

Optimal Control Formulation
Successful interception (capture) is determined by the

condition

R(t;)=R;=d, R(1)<0 (20)

where d is the “‘capture radius’’ representing the interceptor’s
firing envelope.

The objective of the interceptor is to select the controls n*
and p*, subject to the constraints of Egs. (12-14), that
transfer the state vector (R,y,V,x) from a given set of initial
conditions (R,,¥,,V,.x,) to the terminal condition of Eq.
(20) in minimum time, i.e.,

t
J*= min J= min S 7 dt 21

ne e i
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Necessary Conditions of Optimality
The variational Hamiltonian of the problem is defined as
H=—1+Ngfp + NSy +Npfy + A S, +constraints (22)
The system of adjoint equations and the set of transversality

conditions arise from the necessary conditions for optimality
as

: 3H N,
Ap= — B 2
R IR R (23)
: OH W)
. aH Ay sin (¥ —x)
Ap=———= )Y A
v 7y =& cos(¥—x) R

g 4(T-D) g
—XVW——W—'F)\X——tan[L

d
———(constraints), N\, (Z)=0 (25)
v
. oH . AV cos(¥—x)
>\X = ———a-;=)\R Vv 51n(¢—x) +—l_R—¢——_,
A\ (5)=0

(26)

Since the system is autonomous and the final time #; is not -

prescribed, one has along the optimal trajectory the first
integral

H*=0 27

The optimal control functions are found by applying the max-
imum principle

9* =% [1+signhy,], Ay #0 (28)

For the present problem, a singular thrust arc with A, =X\, =0
is not optimal. ~

pr=min[ lp, L, pn, Tsign (N, ), A =0 (29)

where p, is the unconstrained bank angle given by

A w
tan(p,) = )\X D (30)
v ;

and By and Bnpgy AT€ the positive bank angle constraints
from Egs. (13) and (14).

The eventual case of A, =\, =0 is a singular trajectory
characterized by

tan (Y —x*) = — N, /RAg 31
Fortunately, the system of the relative geometry adjoint Egs.

(23) and (24) can be solved in a closed form® by using the
transversality conditions and Eq. (27). This solution yields

cos(¥—yy)

N 32
RV cosy,— V; cos (¥~ x;) 2
X = ~R sin(y~yy) 33)

v Vi cosyy— Ve cos(Yr—xy)
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Fig. 1 Geometry of horizontal interception.

Substituting Eqgs. (32) and (33) into Eq. (31) indicates that
the singular trajectory is a straight line given by

X =¥r (34

and consequently
p'=0 (3%

Open-Loop Solution

The numerical solution of the above formulated optimal
control problem leads to a nonlinear two-point boundary
value problem consisting of Egs. (1-4) and (23-26) by
substituting the optimal control expressions of Eqgs. (28-30).
The first integral [Eq. (27)] is redundant and can replace any
of the adjoint equations.

In the present paper, the exact numerical solution of the op-
timal control is needed for the sake of comparison. Such a
solution can be also obtained by retrograde integration of the
state and costate equations starting at the terminal condition
of Eq. (20) and with assumed values of the other ‘‘free”’ final-
state variables (Y, V,xs). By varying these parameters, the
state-space can be filled with extremals. An iterative search for
an extremal trajectory that passes through a given initial state
requires a substantial amount of computation. However, the
above outlined approach is suitable for generating an exact
solution to be used as a basis for a quantitative comparison.
For this purpose, any point on the extremal can be accepted as
an initial condition and no iteration process is required. In the
present paper, the exact optimal solution is generated by this
approach for an arbitrarily selected terminal state and will be
compared to the various feedback approximations.

Zeroth-Order Forced Singular Perturbation Analysis
Previous FSP Model!

In order to find a feedback approximation to the optimal
control solution of the above formulated minimum-time air-
to-air interception in the horizontal plane, the following
multiple-time scale, forced singular perturbation model was
used!

R=fr(W.V.x), R(,)=R, RUp=d  (36)
V=RV, W)=Y, )
V=1y(V,p), V)=V, 38)
ex=f, (Vin), x{%) =%, (39)

where fz, f,, fv, and f, are determined by Egs. (16-19).

The methodology of zeroth-order FSP analysis has been ex-
plained in detail in several previous publications'*10 and,
therefore, will not be repeated here. For the sake of con-
ciseness only, the main results of Ref. 1 are recalled. The
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variables of this previous zeroth-order feedback approxima-
tion are denoted by an overbar ( ).

The reduced-order solution obtained by setting e=0,
(denoted by superscript r) was a stralght line trajectory
characterized by

V" = Vi 2arg[ Ty, =D + D; 1 (40)
,-<r=¢,=¢+A¢-sin—1[-V—T5i—“(7./,¢—f—Aﬂ] @1
Ay =tan"! [ ( I_/’R/Iii:a"p) ) ] “2)

The solution of the outer (velocity) boundary layer yielded

Vr—-v
N, = v _ ,(_ ) >0 45)
g (V' —=Vycosx" ) (Tyax —Dy— D)

and consequently

1=1 (46)

while the inner (turning) boundary-layer solution led [by
substituting Eqgs. (40-45) into Eqs. (27) and (30)] to a uni-
formly valid feedback expression for the unconstrained bank

angle
|4 2V N\N% . (% —x
tan(g,) = xss v/ B\ 3 47)
relating it to the steady state during rate x,,, defined by
. A & ((Toa—D 5
xss=7(L“;)i—°— 1) =% (V) @9)

This zeroth-order approximation was found to be reasonably
accurate if during the interception the maximum velocity V, is
reached. Otherwise, the transversality condition of Eq. (25) is
violated. This violation, which frequently occurs in medium-
range interceptions, indicates that the assumed time-scale
separation between the velocity ¥ and the relative geometry R,
¥ is not adequate and may result in a substantial error.

Modified FSP Model

In order to avoid such difficulty, sound engineering judg-
ment suggests that one should analyze all three variables
(R,¥,V) on the same time scale. Therefore, in the forthcom-
ing analysis, the following FSP model will be used:

R=fr($,V,x), R(t,)=R,, R(t)=d (49)
V=1, (R4 V), V(L) =¥, (50)
V=rfr(V.n), V(t,) =V, (1)
ex=f, (V.p), x(2) =%, (52)

The corresponding equations and transversality conditions are
written as
oH

MR 3

J. GUIDANCE
A= —%, Ay (1) =0 (54
Ay = —%, Ay () =0 (55)
N = ——%g—, A (2)=0 (56)

where H remains the same as defined in Eq. (22).

The optimal control conditions given by Eqgs. (28-30), as
well as the first integral condition [Eq. (27)], remain un-
changed for the present singular perturbation formulation.

The reduced-order problem of this reformulated FSP model
is three-dimensional, but its solution can be obtained with a
minimal computational effort, compatible for real-time im-
plementation. The reduced-order solution is a straight-line
(singular) trajectory flown by using full thrust (" =1) and its
direction x" =y, can be obtained by solving two nonlinear
algebraic equations. However, two. integrals have to be
calculated first, as

Ve dV
S &)
g 3o (Thax D;) 4
s=§ th=5 —c—if—VdV
_WSV} vav S v o8
= VO (Tmax—Do—Di) 4Ly ) f ( )

Equations (57) and (58) give the time and distance needed by
the interceptor to reach any velocity V7 starting at V. Based
on these expressions, the interception geometry can be solved
in Cartesian coordinates (see Fig. 2),

x(t;) =d cosx” =R, cosy, + VI, —I cosx” (&)

y(t;) =d sinx” =R, siny, — I sinx” (60)
J

Since I, and I are functions of V7 7only (V, is given), Eqgs. (59)
and (60) can be solved by a 51mple one-dimensional search
vielding V; (R,,¥,,V,) and also x"(R,,¥,,V,). From these
resuits, the reduced-order adjoint variables can be also
obtained as

Ng = —cos(Y—x")/(V;— Vrcosx") éA§ (R4, V) (61)

Y
-—Rocosq}o—T—VT(tf to) ———-1
tor
I(tf)/Rf d‘ sz
Rosindo Issin X"
| L
1
OL——— Tscos X' dcos X" X

Fig. 2 Variable speed reduced-order solution.
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L =Rsin(y—x")/(Vi—Vycosy) 245 (Ry, V) (62)

/4 Vi—V
g (Vi=V5cosx') (T —Dy—Dy)

A = AL (R V)
(63)

In the turning boundary layer, evaluated at a stretched time
scale

T=(t—1t,)/¢ (64)

one obtains, instead of Eqs. (49-56), the following set of dif-
ferential equations (denoted by a superscript b):

de b b b
dT =€fR(¢ )Vb:x )) R (O)=Ro (65)
d‘[/b b b b b b
*a;—=ff.p(R WO VxP), Y0 =9, (66)
dye
a =efy ( Vo, ub), Vo(0)= v, 67)
dx?
?=fx (Vo,u?), x*(0)=x, (68)
as well as
dry OH
dr  “oRD ©9)
g oH
Tar | Cay? 70
AN, eH o
dr E_aW
A\ 0H
= 72
dr It 2

In the zeroth-order approximation, with e=0, all the
“slow’’ variables (R?,y?, V?) and the corresponding adjoints
(A%, A5,\D) are assumed to be frozen to their initial values at
7=0. Moreover, according to the matching principle, these
values have to be equal to the initial values of the reduced-
order solution.

Substituting Eqs. (51-63) into the Hamiltonian equations
(22) and (27), as well as assuming an unconstrained bank angle
by using Eq. (30), yields for 7=0(¢=¢,)

Vv, 2V, v X —x
t b = o-ss V [ 7 ] . < D) 73
an(pz), 2z X (Vo) v, ] 3 (73)

By replacing the initial conditions with the current values of
the state variables, this equation leads directly to a uniformly
valid feedback expression similar to Eq. (47). The only dif-
ference is that V" and %" are replaced by the improved
reduced-order values of Vi(R,{,V) and x” (R, ¥, V).

The accuracy of the modified zeroth-order FSP approxima-
tion [Eq. (73)] is much better than that of the previous one
(47), as demonstrated by the numerical example presented in
Tables 1 and 2. The geometric perturbation parameter, bor-
rowed from the constant-speed interception®’, serves as a
measure of the time-scale separation.

Although for this example the zeroth-order FSP accuracy is
certainly adequate, for shorter initial ranges expressed by
higher values of the geometrical perturbation parameter e,,
further improvement may be needed. Such an improvement
can be achieved by incorporaing first-order correction terms in
the FSP control approximation.
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Table 1 Boundary conditions and parameters for example 1

Target velocity V=300 m/s
Altitude h=12,000 m
Initial range R,=1192m
Initial line-of-sight angle ¥, =64.54 deg
Initial interceptor’s velocity V,=349.6 m/s
Initial interceptor’s heading Xo = —89.61 deg
Final (capture) range d R;=2000 m
Final angular difference (¢ ~xs) Br=0.0001 rd
Interceptor’s best turning radius )

at vV, Finin =2543.5 m
Geometric perturbation parameter

(min/Ry) €5 =0.2273

Table 2 Results of example 1

Capture Reference Reference
time, heading, velocity,
Solutions s deg m/s
Exact open-loop =105 x7=28.65 V3=455.2
Previous FSP.model fr=111.2 X" =41.69 V' =605.2
[Egs. (43-54)]
Modified FSP model t-fo =105.2 x'=25.45 V;=436.8

[Egs. (56-8)]

First-Order Forced Singular
Perturbation Analysis

It can be directly verified that the only difference between
the exact optimal solution given by Egs. (27-30) and the
zeroth-order FSP feedback control laws of Eqs. (47) and (73)
is that in the FSP formulas the slow adjoints (Ag,\y,\y) are
approximated by the zeroth-order feedback expressions of
Eqs. (43-45) or (61-63), respectively. It also has to be recalled
that the synthesis of the uniformly valid feedback control ap-
proximation is based on evaluating the boundary-layer control
at 7=0(¢r=t¢,) as an explicit function of the initial state
(Ro:¥0:VosX, ). Since in a feedback control scheme any state
along the trajectory is considered as a new initial condition,
the above outlined approach leads directly to a uniformly
valid explicit state-feedback control law.

It can be thus concluded that for a more accurate first-order
FSP approximation the slow adjoint variables (Ag,A;,Ap)
have to be approximated to the first order, evaluated at 7=0,
and substituted into Eqs. (27-30). The methodology of this
approach is outlined in detail in a previous paper’ dealing with
a constant-speed interception. The paper also demonstrated
that the first-order corrections can be expressed in an explicit
feedback form. In the present paper, only the main features of
this approach, based on the method of matched asymptotic
expansions (MAE), ! will be summarized.

The method of MAE requires that all variables of the prob-
lem be expressed by two different asymptotic expansions as a
function of the perturbation parameter ¢. One set of expan-
sions, called the ‘“‘outer” expansions (denoted by a superscript
0), is expressed in the real time scale, e.g., (using R as an
example),

RC (t,e) =R§ (1) +€R9(1) + 2R3 (1) +... (74)

and substituted into the original singularly perturbed differen-
tial equations such as Eqgs. (49-56). The second set of expan-
sions on the stretched time scale of Eq. (64) is called the “‘in-
ner’’ expansions (denoted by a superscript i),

Ri(7,e) =Ry (1) +eRi (1) + R, (7) +... 75

These expansions are for the boundary-layer differential equa-
tions (65-72).

According to the MAE concept, the initial conditions of the
problem have to be satisfied by the ‘‘inner’’ expansions. The
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initial values of the “‘outer” variables are determined by the
matching condition

leigl) [R°(t,e) —Ri(1,6)] =0 (76)
-0
T— 00
It is easy to see that the reduced-order and the boundary-
layer solutions presented in the previous section are indeed the
zeroth-order terms of the above expansions. Moreover, the
zeroth-order matching is trivially satisfied for all the slow
variables, because they remain constant in the boundary layer.
The matching of first-order terms is more complicated. The
first-order boundary layer equation (for R, for example) is

dRi ()

o =fo VA (1), Vh(r)xh (1) ], Ri(@=0  (77)

Since ¥ (1) =, Vi (1) =V, and xj (7) is obtajned, by in-
tegrating Eq. (68) and using Eq. (73), as

Xb () =Xo+ || £l Vol (V)17 a8
R (7) can be computed by a direct quadréture
Ri(={ falVoVorh(n]dr 79)

Based on this feature, the first-order matching condition,
which determines the initial value of RY, is

ReG) = Tim | (¥ Vorxh (1)) ~fo 0o Vo s (80)

where (of course)
X8=X8 (Ro’\[/o’ Vo) =x" (Ros‘l’o’ Vo) (81)

Similar equations can be written for the other slow variables
as well. These quadratures can be carried out either as a func-
tion of 7 along the zeroth-order trajectory (which is an open-
loop process) or can be expressed in ‘a feedback form by
replacing 7 as the independent variable of the integration with
the zeroth-order fast variable x}. Since from Eq. (68)

dxh =1 [ Voot (Voo X">xp)1d7 (82)
Eq. (80) can be rewritten as

K vaR (¥os Vo’Xs) —Sr(¥or Vorx5) ]
Xo fx ( Vo’X,’Xé))

(1) 21, = | axh @)

Fortunately, Eq. (83) can be solved in a closed form

; ARV (V—V,)1%
R Xss (Vo)

sinf (¥, —x")
X —xh. . (x’—Xii'
7 ] -sin )

+ 84)

By similar steps, the initial values of the other first-order
state variables can also be computed

402V, (Vi=V,) 1"
Ryxs (V)

r__ i |
+X 4XO]~sin<x 4X°) (85)

Yo (t,) 21, = cos[(%—x’) '

J. GUIDANCE

Ve(1,) 21, =

_4V¢2)Di).(ss(Vo)< ZVO )stin2<xr~x{))>
gW ViV, 4

(86)

The integrals Iy, 1,,1, represent the differences between the
variations of the respective slow variables in the zeroth-order
turning boundary layer and in the reduced-order solution. If
the initial conditions are such that x, =x"(R,,¥,, V,) (.e., no
turnirig is required), all of these correction terms vanish.

With the initial values of Egs. (84-86) in hand, the first-
order outer solution can be evaluated. The most convenient
way is to use the two first terms of the expansions jointly, by
defining

8 (D ERG(1) +eRI (D) (87)

and doing the same for the other variables. (Note that for the
presently used FSP model e=1.)

Substituting the respective sum terms in Eq. (52) yields to
first-order

-1 (=0 e

i.e., that the solution of the ‘“‘outer’’ problem, corrected by
first-order. terms, is (similarly to the reduced-order solution)
also a straight-line trajectory.

Therefore, the solutions can be directly obtained by replac-
ing in Egs. (57-63) the initial conditions (R,,¥,,V,) by
(R, +elp; b, +el,,V, +ely). This process yields

X§-1=x"(R§_1¥§-1,V8-1) (89
Ve = VARG 1,¥8-1,V8-1) (90

and consequently also

Mooy =AR(RE-1,¥8-1,V5-1) ©1)
NGy, =AY (R, ¥8-1,V8-1) 92)
Vo1 =AV(RE-1,¥8-1,VE-1) 93)

The next step is to compute the slow adjoint variables of the
first-order ‘‘inner’’ solution. In Eq. (69), the first-order terms
give

d\g OH! Y oft
R _ o=_<)\§20 & N f¢) ©4)

dr  oR} aRi ' "o 3R]
This d_ifferential equation, as well as the similar ones for )\Q

and )\’VL » can be solved by direct quadrature, since the right-
hand side contains only zeroth-order térms known from
earlier steps,

Ry (1) =Nk, (0)— SO ( :;?)dr (95)

The initial value \j ; (0) is, however, unknown. It has to be ob-
tained by applying the appropriate matching condition, which
is expressed by!?

>\§e1(0)=>\5’e1 (1,) +ely, (96)
where
[ 3H; dHj .
A} 0 (r)——2 97
D= m So [ ar, " " aRg ("’)]dT oD
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Fig. 3 Flowchart of the FSP feedback control implementation.
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Fig. 4 Normalized bank angle history (example 2).

Expressions similar to Egs. (96) and (97) are valid for )\{b . ©)
and )\iyl (0) as well. By using Eq. (82), the integrals I);R, 1,
and /, , can be obtained in a closed form. Inspection of Egs.
(97), (53), (24), and (61-62) reveals that

Ly, =—Ay (Ro ¥, Vo), /R, 98)
IM =AR (Rs¥0s Vo )R, — AL (R, %0, Vo, )M /R, 99)

while IxV is obtained independently from

égxr [ aH?, __O0H} ] dxé (100)
Wk Lavh  avE 1, (Vouxtxb)
- —4(1+V,/K(dK/dV) IV,)
W (V= Vr cosx ) ke (V)
2(V}~Vo)]'/z .2<x’—x6>
X SO . —_——
[ v sin 2 (101)
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Table 3 Boundary conditions and parameters for example 2

Target velocity

V=350 m/s

Altitude h=12,000 m
Initial range R,=6318.48 m
Initial line-of-sight angle ¥, =18.87 deg
Initial interceptor’s velocity V,=598.17
Initial interceptor’s heading Xo = —44.39 deg
Final (capture) range d R;=2000
Final angular difference (¥ /~x) Br=0.025 rd
Interceptor’s best turning radius at

V=V, Fin =7447.10 m
Geometric perturbation parameter

(Fmin/R,) €,=1.1786

Table 4 Results of example 1

Capture v

Reference Reference
time, heading, velocity,
Solution s deg m/s
Exact open-loop =210 X} =28.65 Vi=543.4
Zeroth-order ESP t5,=21.8 X =9.6 V7 =600.1
[Egs. (49-73)]
First-order ESP model 5, |, =27.1 x§.;=26.2 V3  =555.4

[Eqgs. (83-107)]

Based on Eqgs. (98-101), the initial values of the slow adjoint
variables in the inner solution can be corrected to the first-
order, '

Ney_, (O =A% (RG_ U8 1, V8- 1)+ el (Rostior VirXo) (102)
and similarly
o = A (RE_1,¥8-1, V8- ) +ely, (Ros Vo, Vouxo)  (103)
Vo Q) =AL(RE_1 W81, V8- )+ elNy (Rou¥0, Voux,) (104)
Substituting Egs. (102-104) into the Hamiltonian [Eq.
(22)] and applying the necessary conditions of optimality

[Egs. (27) and (30)] one obtains the following expression for
the optimal bank angle:

ph_1(0)=sat[tan "o (R,, ¥, Vo Xo) 1 (105)
where
w 1=No,_ So—=Ny,_ Sy
ZRG’ D’V()’o = [ 01  0-1
¢* (R, ¥ Xo) eD(V,) P
—fv( Vo,O)] (106)

and the sign is determined by

sign[pfh-(0)] =sign[x§-1 (Ros¥0, VorXo) =Xo]  (107)

Since all terms in Eqs. (105-107) depend explicitly on the in-
itial state, the synthesis of a uniformly valid feedback control
law directly follows. The flowchart of this feedback control
implementation is shown in Fig: 3.

In order to evaluate the accuracy of this new feedback con-
trol approximation, an example of a very short-range intercep-
tion was selected.

The initial conditions for this numerical example and the
results of the comparison to the exact solution are presented in
Tables 3 and 4. In Fig. 4, the time histories of the normalized
bank angle, defined as '

- (108)
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are depicted for each case (7, =5) with

Pmax =COS ™' [1/5]1=78.5deg 109)

The results show that the payoff error of the zeroth-order
approximation -is of the order of 3%. The error in the ref-
erence (predicted final) values is even larger. The first-order
FSP solution is rather successful in predicting the final values
of the state variables and, as a consequence, it provides an
outstanding payoff accuracy even for an engagement starting
within the best turning circle of the interceptor.

The improved accuracy comes at the expense of some addi-
tional computations. Although in relative terms the first-order
algorithm requires about twice as much CPU time as the
modified zeroth-order version and about 2.8 times more than
the previous FSP model, in absolute terms, the overall com-
putational effort is very modest. Most computational steps are
of an algebraic nature. This effort, characterized by a com-
putational speed of 1/100 of real time on an IBM 370/168, is
certainly well within the range of real-time airborne im-
plementation.

Conclusions

In the present paper, an improved forced singular perturba-
tion algorithm was presented for the synthesis of a uniformly
valid feedback control law of a minimum-time ‘air-to-air in-
terception in the horizontal plane. The improvements correct
the effects of imperfect time scale separation of previous
algorithms by including the velocity dynamics in the reduced-
order problem and by incorporating first-order correction
terms in the control law.

The accuracy obtained by the improved algorithm is very
impressive, as demonstrated by numerical examples for a
realistic aircraft model. The new algorithm allows the exten-
sion of the domain of practical validity of the forced singular
perturation feedback approximation (guaranteeing payoff er-
rors less than 1%) down to initial ranges of the order of the in-
terceptor’s best turning radius. The additional computational
effort required to incorporate the improvements is very
modest and does not adversely affect the potential for real-
time on-line implementation of the feedback control approx-
imation. The good accuracy in an enlarged domain of opera-
tion provides an improved building block for an automated
guidance algorithm for minimum-time air-to-air interception.
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